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Side ejection in jets lighter than the ambiant
Re = 750 Re = 1000 Re = 2600
Mass-segregation by vorticity in 2D turbulence
vorticity τ = 0 density
Mass-segregation by vorticity in 2D turbulence
vorticity τ = 150 density
Mass-segregation by vorticity in 2D turbulence
Motivation overview
Focus on mixing
I Shear flows −→ mixing-layer and jet stability
I Turbulent flows −→ vortex stability
Framework
I Low Mach number U/c , high Froude number u/
√Ag`
I Large density contrast ∆ρ/ρ¯ (beyond Boussinesq)
Outline of the talk
VD2 - Variable Density Vortex Dynamics
Stability of a radially stratified vortex
Shear flow stability: primary mode
Shear flow stability: 2D and 3D secondary modes
Diffusive nature of velocity divergence
Binary mixing at low Mach number
I Fluids with densities ρ0 and ρ1, C of fluid 1
ρ = a ρC + ρ0
I Full NS equations
∂tρ+∇· (ρu) = 0 (1a)
∂t(ρu) +∇· (ρuu) = −∇p +∇· T (1b)
ρ dtC =∇· (ρD∇C ) (1c)
Diffusive nature of velocity divergence
Binary mixing at low Mach number
I Binary mixing
% = ln(ρ/ρ0), pi = p/ρ
I 2 transport equations plus a kinematic constraint
dt% = D∆% (2a)
dtu = −∇pi − pi∇%+ ν∆u (2b)
∇· u = −D∆% (2c)
Vorticity dynamics in variable-density flows
dtω + (∇· u)ω − (ω ·∇)u =∇%×∇pi + ν∆ω
I Dilatation/compression, (negligible at low Mach number)
I Vortex stretching, (collapses in 2D)
I Baroclinic torque, (the main bias considered here)
b = −∇p × 1
ρ2
∇ρ
A = |∆ρ|
ρ0
b = O(u
2
`
A
λρ
)
A 6 1
Atwood number versus density ratio
s = ρ1/ρ0
A = |s − 1|
s + 1
Baroclinic torque versus vortex stretching
dtω = (ω ·∇)u +∇%×∇pi + ν∆ω
b
vs
∼ O(A λ
2
`λρ
)
I Fully developped turbulence `/λ ∼ Reλ,
I Two-dimensional flows ω ⊥∇⇒ vs = 0,
I Transition flows `/λ ∼ O(1).
Baroclinic torques in the inviscid limit
dtu = −1
ρ
∇p dtu = −gez − 1
ρ
∇p dtu = −u˙f − gez − 1
ρ
∇p
−1ρ∇p = dtu + gez + u˙f = a
b = a×∇%
Vorticity production in a gravity field
Thorpe experiment JFM32 (1968)
2D secondary instability of the stratified mixing-layer
Staquet JFM 296 (1995), Smyth 2003 JFM 497 (2003)
VAVD in Richtmyer-Meshkov Interface Instability
RMI or impulsive RTI
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RTI of unstable atmosphere and the massive vortex
ρ1 > ρ2
Linear inviscid stabillity of the barotropic vortex
Joly, Fontane, Chassaing JFM 497 (2005), large Fr = Γ/δ
√AgHδ
Ω(r) =
Γ
piδ2
exp(−r2/δ2),
R(r) = ρb + (ρc − ρb) exp(−r2/δ2ρ).
[uˆr , uˆθ, pˆ, ρˆ] = [iur (r), uθ(r), p(r), ρ(r)] exp[i(mθ − ωt)]
γρ+ R ′ur = 0,
(r2Rγ/m)u′′r +
[
2RU + r(rRγ)′/m + 2rRγ/m − rRU∗] u′r
+
[
2RU/r −mRγ − (rRU∗)′ + (rRγ)′/m] ur + (mU2/r) ρ = 0.
First modes m > 0
Concentration of mass at the vortex core ε = δ/δρ
m = 2 mode beyond the linear regime
m = 3 mode beyond the linear regime
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Temporaly developping mixing-layer
ε = `u/`ρ
U(y) = U f (y/`u), f monotonous R→]− 1, 1[
R(y) = ρm +
∆ρ
2
f (
y − y0
`ρ
),
Modal stability of a parallel inhomogeneous shear flow
{
dtρ =∇· u = 0,
dtu = −1ρ∇p.{
Dt ρˆ+ vˆ R ′ = 0,[
RDt∇2 − (RU ′)′∂x + R ′Dt∂y
]
vˆ = 0
[uˆ, ρˆ](x, t) = [u˜, ρ˜](y)ei(αx+βz−αct)
{
[iα(U − c)] ρ˜+ R ′v˜ = 0[
(U− c) (R(D2− k2) +R ′D)− (RU ′)′] v˜ = 0.
Kelvin-Helmoltz instability
Fr = U/
√A`ug →∞
The Homogeneous KH-billow
Vorticity pattern in the homogeneous KH roll-up
Spatial organization of the baroclinic torque
Soteriou & Ghoniem PoF 7(8) (1995)
vorticity deposition along the braid between adjacent primary roll-ups:
sink on the denser side, source on the less-dense one
The Variable-Density KH-billow
Reynolds number Re = 1500, Atwood number from 0 to 0.5
Are the secondary modes affected by the vorticity distribution?
Secondary modes of the shear-layer
Homogeneous mixing-layer Standard scenario of the transition
I Core-centered elliptic modes by translative instability,
Pierrehumbert and Widnall (1982)
I Braid-centered hyperbolic modes, stream-wise vortices,
Metcalfe et al; (1987)
Stratified mixing-layer Specific biases on secondary modes,
Klaasen and Peltier (1991)
Variable-density mixing-layer No such deductive analysis
I 3D simulations, Knio and Ghoniem (1992), Joly et al. (2001)
Formulation of the stability problem
J. Fontane PhD Thesis; Fontane & Joly JFM 612 (2008)
I Modal representation of 3D perturbations uˆ = (uˆ, vˆ , wˆ), pˆ, ρˆ:
[uˆ, vˆ , wˆ , pˆ, ρˆ] (x , y , z , t) = [u˜, v˜ , w˜ , p˜, ρ˜] (x , y)e i(µx+kz)+σt
I Linearized NS equations around the base state U = (U,V ),P,R:
Dt ρˆ+ uˆ ·∇R = 0,
RDt uˆ + Ruˆ ·∇U + ρˆU ·∇U = −∇pˆ + 1Re∆uˆ.
I Quasi-static approach (KP91) and a posteriori validation by
σr  σKH
I Discrete eigenvalues σ issued from a Fourier-Galerkin method carried
out for varying spanwise wave number k > 0
Growth rates versus k for increasing A
Stability analysis performed at saturation of the primary KH-wave
Summary on secondary eigen-modes
At saturation of the primary KH-wave
Elliptic modes Core centered modes insensitive to base flow
modifications,
Hyperbolic modes Braid centered modes are promoted for growing
density contrasts,
Hyperbolic modes Lying preferentially on the vorticity-enhanced
part of the braid,
Two-dimensional modes In fair competition with most amplified 3D
modes beyond A = 0.4
Structure of the 2D mode
Maximum density contrast A = 0.5, amplification rate σr = 0.237
Energy Vorticity perturbation Density perturbation
Kelvin-Helmholtz instability of the stretched vorticity density-gradient layer
To follow: non-linear continuation of the 2D mode seeded before saturation
Evolution of the vorticity field
Evolution of the density field
Summary on secondary two-dimensional modes
Fair competition with 3D braid modes assessment of the 2D mode
relevancy complementary to the Lagrangian inviscid
simulations by Reinaud et al. (2000)
Increase in mixing rate Non-linear simulations indicate a jump in
exponential increase of the length of the central
isopycnic line,
Generic mechanism 2D instability of variable-density roll-up
condensing onto thin unstable shear layers → 2D
cascade
Fractal Kelvin-Helmholtz break-ups
Gallery of Fluid Motion, Fontane, Joly & Reinaud, PoF 20, 091109 (2008)
